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Abstract. The differential calculus on the quantum Heisenberg group is con- 
structed. The duality between quantum Heisenberg group and algebra is proved. 
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I. Introduction 

The one dimensional deformed Heisenberg group and algebra were investigated in 
[1], [2]. In this paper, using Woronowicz's theory ([3]), we construct the differential 
calculus on the deformed one dimensional Heisenberg group and we describe the 
structure of its quantum Lie algebra. Then we prove that our quantum Lie algebra 
is equivalent to the one dimensional deformed Heisenberg algebra. 
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II. The differential calculus 
The quantum group H(l) q is a matrix quantum group a la Woronowicz ([4]) 




(1) 



where the matrix elements a, (3, S generate the algebra A and satisfy the following 
relations ([1]) 

[a, 0\ = iXa, 

[S,0\=iXS, (2) 
[a,S]=0, 

X being a real parameter. 
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The coproduct, counit and antipode are given by 

A(a) = I ® a + a <g> I, 

A{(3) = I®0 + P®I + a®6, 

A(S) = I ® 5 + 5 <g> 7, 

5(a) = -a, (3) 
S((3) = -13 + aS, 
S(S) = -5, 

e(a) =e{/3) = e{6) = 0. 

The main ingredient of the Woronowicz theory is the choice of a right ideal in kere, 
which is invariant under the adjoint action of the group. The adjoint action is 
defined as follows 

ad(a) = ^b k <Z> S(a k )c k (4) 
k 

here 

(A <8> I) o A(a) = ^a k ® b k ® c k . 
k 

One can prove the following 

Theorem 1. Let 72 C kere be the right ideal generated by the following elements: 
a 2 , S 2 , Pa, 135, aS, (3 2 + 2i\0. Then 

(i) 72 is ad-invariant, ad (72.) C 72 ® A 

(ii) kere/ 72. is spanned by the following elements: a, (3, S. 

Having established the structure of 72. we follow closely the Woronowicz construc- 
tion. The basis of the space of the left-invariant 1-forms consists of the following 
elements 

oj a = 7rr _1 (7 <S> a) = da, 

up = ixr- x {I ® 13) = dp, (5) 
oj$ = Ttr~ 1 (I ® 5) = dp — adS; 

here the mapping r _1 is given by 

r _1 (a ® b) = (a ® I)(S ® I)A(b), a,beA, 
and the mapping ir is given by 

tt(^ a k ® b k ) = ^ a kdb k 
k k 

where J2 k a k ® b k E A ® A is such an element that 

^afefefe = 0. 

k 
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The next step is to find the commutation rules between the invariant forms and 
generators of A. The detailed calculations result in the following formulae 

[a,u a ] = 0, 
[6, io a ] = 0, 
[/3,u> a ] = -i\u> a , 
[a,u> s ] = 0, 

[8,u S ]=0, (6) 

[P,u>s] = -iXtJs, 

[a, up] = 0, 

[5, up] = 0, 

IP, up] = 2i\u)p. 

Then, following Woronowicz's paper [3], we can construct the right-invariant forms 

m = us, (7) 
T]p = up - Lu a S + uj s a. 

This concludes the description of the bimodulc _T of 1-forms on H(l) q . The external 
algebra can now be constructed as follows ([3]). On r® 2 we define a bimodule 
homomorphism a such that 

a(w <E> A rf) = rj ® A uj (8) 
for any left-invariant lu G r and any right-invariant rj G r. Then by definition 

2 

r A2 = - (9) 

Equations (7)-(9) allow us to calculate the external product of left-invariant 1- 
forms. The result reads 

lop A LJ a = —LU a A ujp, 
top A ujs — A u>p, 
ujr A ujr = 0, 

n (10) 

iv a Auj a = 0, 
los A u>s = 0, 
uj a A los = —us A co a . 

To complete the external calculus, we derive the Cartan-Maurer equations 

d,Lo a = 0, 

dtos = 0, (11) 
dtop = —cos A Lop. 
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III. Quantum Lie algebra 

In order to obtain the counterpart of the classical Lie algebra, we introduce the 
counterpart of the left-invariant vector fields. They arc defined by the formula 

da = (X a * + {Xp * a V/3 + (X s * a )^s- (12) 

In order to find the quantum Lie algebra, we apply the external derivative to both 
sides of (12), we use d 2 a = on the left-hand side and calculate the right-hand side 
using (11) and again (12). Nullifying the coefficients in front of basis elements of 
_T A2 , we find the quantum Lie algebra 

[x a ,Xp] = o, 

[x„X fl ]=0, (13) 

[Xa Xs] Xfl • 

From the Woronowicz theory, it follows that the coproduct of the functional tfii 
(ifii = X a iXpiXs) can be written in the form 

Aip t = <Pj ® fji + 1 ® <Pi (I 4 ) 

3 

where fji are the functionals entering in the commutation rules between the left- 
invariant forms and elements of A 

u 3 a = * a)u)i. (15) 

i 

Then, it follows from commutation rules (6) that the coproduct for our functionals 
can be written in the following form 

&X a = X a ® fa + I <8 Xa. 

A X p=x l) ® H + I ® Xp, (16) 
— Xs ® fs + I ® Xs 

Using the fact that Afi — fi ® fi {i = a, (3, 5) ([3]) and (6) and (15), we can 
calculate the functionals fa. After some calculations we obtain 

f a = (I-2i\ X p)K 

f = I-2iX X0 , (17) 
fs = (I-2iX X ,)i. 
Now it is easy to see that the substitution 

Xs = -Bo, 

Xp = B u (18) 
X a =B 2 

reproduces the structure of the Hopf algebra generated by the infinitesimal gen- 
erators (obtained by contraction procedure) of the quantum matrix pseudogroup 
H(l) q , which was described in [1]. This proves the duality between the quantum 
Heisenberg group and algebra. 
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